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ON SUPERQUADRATIC ELLIPTIC SYSTEMS

DJAIRO G. DE FIGUEIREDO AND PATRICIO L. FELMER

ABSTRACT. In this article we study the existence of solutions for the elliptic
system

OH
—Au=—(u,v, in Q,
u 50 (u,v,x) in
—Av=£;—u(u,v,x) in Q,

u=0, v=0 ondQ.

where Q is a bounded open subset of RV with smooth boundary 8Q, and
the function H : RZx Q — R, is of class C! . We assume the function H has
a superquadratic behavior that includes a Hamiltonian of the form

H(u,v) = |ul*+ |v|? where 1 — = <141 o witha> 1, g>1
N o B

We obtain existence of nontrivial solutions using a variational approach through
a version of the Generalized Mountain Pass Theorem. Existence of positive
solutions is also discussed.

0. INTRODUCTION

This paper is devoted to the study of existence of solutions for certain su-
perquadratic elliptic systems of the form

oOH .
(0.1) —Au—W(u,v,x) in Q,

o0H .
(0.2) —Av = W(u, v, x) inQ,
(0.3) u=0, v=0 ondQ,

where Q is a bounded open subset of RY , with smooth boundary 9Q, and
the function H :R? x Q — R, which we call the Hamiltonian, is of class C!.
For easy reference later on we call the above problem (ES). The term “su-
perquadratic” used here comes from hypothesis (H2) on the Hamiltonian (see
it in the sequel, as well as Remark 0.5). Such a condition actually takes into ac-
count the coupling of the system. It does not imply that both equations in (ES)
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are superquadratic, but it is implied by that, which follows from a condition
like
OH

o0H
(0.4) (S) W(u,v,x)-u+%—(u,v,x)-v2uH(u,v,x)>0

for all (u, v) € R2\{(0,0)}, x € Q, and u > 2. Observe that (S) is a special
case of (H2). We should mention that Benci and Rabinowitz [2] have already
considered a special case of (ES) when both equations are superlinear, namely

—Aw = (w2 + 22)(5—1)/2w , —Az= _(w2 + 22)(5—1)/22’

where s > 1. Such a system is of the form

OH
(0.5) —Aw = B—H—)(w s 2 X) .
OH
(06) —AZ——'B—Z(w, Z,X)

which is equivalent to our system (ES). In studying (0.5) and (0.6) Benci and
Rabinowitz used the Generalized Mountain Pass Theorem in its infinite dimen-
sional setting.

Recently in [4] Clement, de Figueiredo and Mitidieri studied a case of (ES)
including Hamiltonians satisfying

(0.7) H(u,v)=[u*+ v’

where §+% <1, a>1 and g > 1, but where the case a < 2 is allowed. Thus
not satisfying (S). In [4] a priori estimates for positive solutions were obtained
and then degree theory arguments were used to prove the existence of positive
solutions for (ES). In another work, Clement, de Figueiredo and Mitidieri [5]
have considered some classes of superlinear elliptic systems with growth that
allows the use of inequalities of the Hardy-Sobolev type, and have obtained a
priori bounds for positive solutions.

Some other class of superlinear elliptic systems were also considered by Souto
[13]. He used the techniques introduced by Gidas and Spruck [8] in order to
obtain a priori bounds for positive solutions, and by degree theory existence of
positive solutions was established. Sublinear systems with a Hamiltonian form
were discussed in Costa and Magalhdes [3].

In this paper we consider superquadratic Hamiltonians using a variational
approach. This allows us to extend the results in [2 and 4]. This kind of
Hamiltonian was studied recently by Felmer [6] in the context of Hamiltonian
systems.

Next we describe our results in a more precise way. On the Hamiltonian H
we will consider the following hypotheses:

(HO) H: R2x Q —» R is of class C!. _
(H1) Hu, v, x) >0 forall (u,v,x)eR2xQ.

Let us consider real constants p >a>p—-1>0and ¢g>fg>qg-1>0




SUPERQUADRATIC ELLIPTIC SYSTEMS 101

such that

(1) é+—;§< 1,

(i) {2—(})+%)}max{§,%}<l+1—%;,
(i) —;—1%<1 and qq;1§< L.

In this paper we will always assume N > 3. If N =2 or N =1 less restrictive
assumptions can be made.

Furthermore, in case N > 5 we also impose
(iv)

1 D q N +4 1 D q N+4
(1 p)max{a,ﬂ}< N and (1 q)max{a,ﬁ}<w.

With these constants o, f, p, q satisfying the above conditions (i)-(iv) we
now state the further hypotheses on the Hamiltonian H :

(H2) There exists R > 0 such that

160H 10H
aa—(u,v,x)-u+zﬁ(u,v,x)-v2H(u,v,x)>0

for all (u,v)eR?, |(u,v)]>R and x € Q.

(H3) There exists r >0 and a; > 0 such that
Hu,v, x) <ai(jul* +lf) if |(u,v)| <7

and
(H4) There exists a; > 0 such that
H
%_u(u’ v,Xx)| < a2(|u|p"‘ + |'U|(P—1)11/P +1),
OH

6_v(u’ v, x)l < ay([v|97! + |u|@—Dr/a 4 1),

Our first existence results consider the concept of strong solution. In our situa-
tion we have

Definition 0.1. We say that (u, v) is a strong solution of (ES) if

ue WZ,p/(p—l)(Q) n W;)l,p/(p—l)(g)’ veE WZ,q/(q—l)(Q) n Wol.q/(q—l)(g)
and (u, v) satisfies (0.1) and (0.2) a.e. in Q.

We will prove the following results.

Theorem 0.1. If H satisfies (HO)-(H4) then system (ES) possesses at least one
strong solution.

Theorem 0.2. If H satisfies (HO)-(H4) and H is independent of x € Q then
(ES) possesses at least one nontrivial strong solution.

Remark 0.1. When we assume more regularity on the Hamiltonian H, using
standard arguments, it can be proved that strong solutions are indeed classical
solutions. See [9]. In this direction a hypothesis to consider is
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(HO') H:R2xQ — R is of class C!-¢.

When some more assumptions are considered in H we also obtain a result on
existence of positive classical solutions.

Theorem 0.3. If H satisfies (H0'), (H1)-(H4) and also

(H5) 0H(u, v, x)/0u > 0, dH(u,v, x)/0v >0 forall (u,v)eR?, u>
0,v>0, xeQ,

(H6) 0H(u, v, x)/0u=0, 0H(u,v,x)/0v=0if u=0 or v=0.

Then (ES) possesses at least one positive solution (u, v) with u(x) >0, v(x) >
0ifxeQ.

Next we make some remarks about the hypotheses we considered.

Remark 0.2. Since 2 >1 and % > 1 we have from (ii) that

s lylyl il 2
a B~p ¢ N’

The first inequality above expresses the superquadratic character of the
Hamiltonian H, as said before. The last inequality expresses the subcritical
character of the system, as already pointed out in [4]. It seems however that
these minimal assumptions do not suffice. Some further control on the constants
a, B, p, q asexpressed in (ii) and (iii) seems to be necessary.

Remark 0.3. Besides the critical curve % + ;— >1-%,incase N >5 we have
two extra critical lines as given by (iv).
Remark 0.4. If o =p, B =q then (i) and (ii) simply express
1 1 2
1> a + F >1- N
and (iii) trivializes. Condition (iv) becomes
1_N-4 1 _N-4
)/ 2N’ ¢ 2N’
see [4].
Remark 0.5. It follows from (H2) that there are constants ¢; > 0 and ¢; > 0
such that

(0.8) H(u, v, x) 2 ci(jul* + [v/f) - c2.

For a proof see [6].

Our Theorem 0.3 generalizes Theorem 3.1 in [4]. Let f, g: R —» R func-
tions satisfying the hypothesis of Theorem 3.1 in [4]. Then we can define a
Hamiltonian

(0.9) H(u,v)=G(u)+ F(v)
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with G(u) = [y g(s)ds and F(v) = [ f(s)ds. This Hamiltonian satisfies our
hypotheses. In particular it satisfies (HS) and (H6).

1. THE VARIATIONAL FORMULATION OF (ES)

In this section we set up the functional analytic framework needed to study
problem (ES) from the variational point of view. We also give the variational
formulation of (ES).

We shall work with spaces E*, which are obtained as the domains of frac-
tional powers of the operator

~A: H'(Q)nHA(Q) c L{Q) - LX(Q)

where A denotes the Laplacian and H%(Q), H}(Q) are the usual Sobolev
spaces. Namely E* = D((—A)*/?) for 0 < s < 2, and the corresponding
operator is denoted by A°

A E5 - L(Q).
The spaces E* are Hilbert spaces with inner product

(1.1) (u, v)gs = / Aulvdx
o

and associated norm

(1.2) lull%e = / |4 ul dox.
Q

It is known that these spaces are indeed Sobolev spaces of fractional power as
defined by interpolation, see Lions and Magenes [10]. In particular we have
ES=HYQ) if0<s<l, EV2cHQ),
E={ucHQ)|u=00n0Q} ifl<s<2, s#3, and

E3? c {ue H¥*(Q)|u =0 on 8Q}.

See also the results in Fujiwara [7].

If we consider a basis of L2(Q) constituted by eigenfunctions {¢,} of

—Ap=ip inQ, ¢=0 onadQ

with associated eigenvalues {4,}, then we have the following characterization

of ES and A°. If u € L?(Q) we write u = Y o, an$, its Fourier series with
respect to the basis {¢,}. Then

(1.3) Es = {ueLZ(Q) > Aslan <oo}
n=1

and

(1.4) Au=3 1 anpn

n=1
for all u € ES. Now it is easy to see Poincaré’s inequality for the operator A4*
2
(1.5) 14 ull 2y 2 4 lull o) Vu € B

where A, is the first eigenvalue of —A.
The fractional order spaces have the following important embedding prop-
erty.
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Theorem 1.1. Given s >0 and ¢ > 1 sothat 1 > 1— 2 then the inclusion map

i: ES — L°(Q) is well defined and bounded. If above we have strict inequality
then the inclusion is compact.

The proof of this theorem is based on interpolation and the Kondrachov
Theorem. See the article of Persson [11] for a proof.

With these preliminaries about the Laplacian and the spaces we can now
define the functional associated to (ES). Let us consider first the quadratic part.
For numbers s > 0 and ¢ > 0 with s + ¢ = 2 we define the Hilbert space
E = E* x E' and the bilinear form B : E x E — R by the formula

(1.6) B((u,v), (¢, w)) = /QAsuA’l// + ApA'v dx.

Using the Cauchy Schwarz inequality and (1.2) it is easy to see that B is contin-
uous. We also see that B is symmetric. Then B induces a selfadjoint bounded
linear operator L : E — E so that

(1.7) B(z,n)=(Lz, nE

forall z, n € E. Here and in what follows (-, )¢ denotes the inner product in
E induced by (-, :)gs and (-, +)g on the product space E in the usual way.
We can also define the quadratic form Q: EF — R associated to B and L as

(1.8) Q(z) = %(Lz, Z)g = / Aud'vdx
Q

for all z = (u,v) € E. A more explicit formula for L will be needed in the
future.

Proposition 1.1. The operator L defined above can be written as

(1.9) L(u,v) = (4% 14, (4") "' 45u).
Proof. If z = (u,v), n= (¢, v) € E and we write L(z) = (w, y) then we
have

(1.10) (L(z), Me=((w, ), (¢, ¥))E = /QAswAstb +A'yA'ydx.
On the other hand, from (1.6) we have
(1.11) (L(2), n)E = / Ludly + A4 dx.
Q
Taking y =0 in (1.10) and (1.11) we obtain
(1.12) / A (A" — Sw)dx =0 Vo€ E.
Q

Using that 4° is an isomorphism onto L?(QQ) we conclude the equality A4‘v —
ASw = 0 from where w = (45)"'4A'v .

If we take ¢ = 0 in (1.10) and (1.11) we obtain in a similar way y =
(A)~'A%«. O

In what follows we write 4=5 = (4°)~!. Next we consider the eigenvalue
problem

(1.13) Lz=2z inE.
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Using Proposition 1.1 we can write (1.13) in equivalent form as
(1.14) A~ A = Au,
(1.15) A ' ASu= v,

where z = (u, v). Since the operators 4° and A’ are isomorphisms A cannot
be zero. Then isolating u# in (1.14) and substituting in (1.15) yields

(1.16) v =A%

whence it follows that A =1 or A = —1. The associated eigenvectors are
(1.17) forAi=1, (u, A 'A°u) YuekE’

and

(1.18) forA=-1, (u,—-A"'A°u) VYue€ E°.

We can define the eigenspaces
Et ={(u, A7'A°u)|u € E%}

and
E-={(u, —A""'4A’u)|u € E*}

which give a natural splitting £ = E* & E~. The spaces E* and E~ are
orthogonal with respect to the bilinear form B, that is

(1.19) B(zt,z7)=0 VzteE*t, z7€E".
We also find that
(1.20) Hizllz = Qz*) - Q(z7)

where z =zt +z7, z4 € E*.

Next we define the functional associated to the Hamiltonian. Using the
growth hypothesis (H4) and integrating we obtain

(1.21) Hu,v,x)<[HO, v, x)|+a(|uf~" +|v|?~D9P 4 1)|u]
and
(1.22) |H(O, v, x)| <|H(0, 0, x)| + ax(|v|? + |v|)-

Young’s inequality implies
D —
(1.23) ity < B 4 2D ope,

From (1.21)-(1.23) we obtain
(1.24) |H(u, v, x)| < ca(|ulf + [v]?) + c3

for certain constants ¢, and c¢;. Now we will choose the numbers s and ¢
defining the orders of the Sobolev spaces involved. From inequality (ii) in the
Introduction we see the existence of s, € R, s+ ¢ =2 such that

(1.25) <1—%)max{la—’,%}<%+%
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and

1 P q 1 ¢
(1.26) (l q)max{a,ﬁ}<2+]—v.
Using (iii) and (iv) if N > 5, we can choose s > 0 and ¢ > 0. From the fact
that £>1 and % > 1 we find, following from (1.25) and (1.26) that

1 1 s 1 1 ¢t
(1.27) ;>§_N and E>§~'N.
These last inequalities and Theorem 1.1 give the compact inclusions
Es - LP(Q), E' - LI(Q). Then using (1.24) we can define the functional
#Z E—R as

(1.28) P u,v) = / H(u(x), v(x), x) dx.
Q

Proposition 1.2. The functional # defined above is of class C' and its derivative
is given by

(1.29) ', )b, v) =/Q%(u, v, X)é+ %%(u, v, X)ydx

Jorall (u,v), (¢, v) € E. Moreover ' : E — E is a compact operator.

Proof. The expression given at the right-hand side of (1.29) is well defined. In
fact, from the growth hypothesis (H4) we have

(1.30) /Q

Using Holder inequality and embeddings
(1.31) / oH
Q

5y (4o Vs X)$
In a similar way we obtain an inequality for the derivative with respect to v .
Thus #'(u, v) is well defined and bounded in E.

Next, usual arguments give that # is Fréchet differentiable, #’ is contin-
uous and, as a consequence of the Sobolev embeddings, #’ is also compact.
See [12] for example. 0O

oH
W(u’ v, x)¢

dx <a / (4P~ + Jo|@=D9/ 4 1) | dx.
Q

-1 -1
dx < a(Jullg ' + oI &P + 1))l g

Now we can define a functional ®: F - R as
(1.32) ®(z)=Q(z)-#(z) VzeE.

® is a functional of class C! and by previous considerations it has the structure
needed to apply minimax techniques. See (3.6).

Definition 1.1. We say that z = (¥, v) € E = Ex E' isan (s, t)-weak solution
of (ES) if z is a critical point of ®. In other words, if for all n = (¢, ¥) €
E* x E' we have

(1.33) / ASudly + ASpA'v — Q—Ii(u, v, X)p— %(u, v, x)ydx =0.
Q du ov

The next theorem gives a regularity result for (s, ¢)-weak solutions.
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Theorem 1.2. If (u,v) € E* x E' is an (s, t)-weak solution of (ES) then u €
w2ple=1(Q) n W, PPV(Q), v e W2 aa-DQ)n W, Y9N (Q) and

(1.34) —Au = —66—1:(14, v, X),
(1.35) —Av:%(u,v,x)

a.e. in Q. In other words (u, v) is a strong solution of (ES).
Proof. Let us consider =0 in (1.33), then

(1.36) / Aty 456 dx = / O\ v, x)pdx
Q Q ou
forall ¢ € ES. If ¢ € HX(Q)N H}(Q) then we have

(1.37) /Q Ao A pdx = /Q vAlpdx = — /Q vAddx.

On the other hand, using estimates following from (H4) we find

o ww), v(x), x) € L2100,

and then from basic elliptic theory there exists one function w € W?2-2/-1)(Q)
N W, ?/*~Y(Q) such that

(1.38) —Aw = %{:-(u(x), v(x), x),

see Gilbarg and Trudinger [9]. Following from (1.27)
1 _p-1 s p-1 3

2 D N D N

so that from the embedding theorem of Sobolev w € L?(Q) (see [1]). Thus we
have

(1.39) /%(u,v,x)qux:—/Aqudx:—/wA¢dx
o Ou Q Q
for all ¢ € H*(Q) N H}(Q). Next, from (1.37) and (1.39) we obtain
(1.40) / (v —w)Apdx Vo € HAQ) N H(Q)
Q
from where it follows that v = w . We have obtained that v € W2.2/¢-1)(Q)n

W, ?/®~1(Q). Finally, since v =w we conclude that v satisfies (1.35).
We can do the same reasoning for u. O

2. PALAIS SMALE AND GEOMETRIC CONDITIONS

In this section we further study the functional ®. We prove the Palais Smale
condition for @ and then obtain the geometric situation of the Generalized
Mountain Pass Theorem.
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Proposition 2.1. ® satisfies the Palais Smale condition.
Proof. Let {z,} be a sequence in E so that
(2.1) |®(z,)| < c and ®'(z,) - 0, asn— oo.

We prove first that (2.1) implies that {z,} is bounded. From (2.1) there is a
sequence {&,} converging to O so that

(2.2) |®'(za)n| < enlinlle VM€ E.
Taking

ap
a+ B
and using (2.1) we find

1 1
fn = (Eu" , .Ev,,) , where z, = (un, vn),

apf 10H

— Up, Un, X)U
a+ B Jo aau(" ns X)ln

c+enllmlle > ®(zn) — V' (za)1tn =

10H
(2.3) /3 % (Un, Un, X)Un — H(Up, Uy, X)dXx
+ (aC:_'Bﬂ - 1) /QH(u,,, Up, X)dXx.
Using (H2) we find a constant ¢; so that
(2.4) (1 +lzalle) 2 [ Hn, vn, )
and then, using (0.8) we obtain a constant c¢; such that
(2.5) [tk + onl? dx < ca(1+ ol + ol
Next, let us consider 7 = (¢, 0) with ¢ € E*. Then from (2.2)
(2.6) / ASpA'v, dx| < / g(un, Un, X)P| dX + &P Es-
Q ol du
We estimate these terms next. From (1.25) and Theorem 1.1 we find
(2.7) @l Lora-pr@) < Crll@ll 25
then, using Holder inequality with a =a/(p—1), b = a/(a—p+ 1) we obtain
(2.8) [ tunl =161 < culunly e
From (iii) in the Introduction and (1.25) we have
1-— p-lg _1_s
B~ 2 N

and then Theorem 1.1 implies the embedding of E* into LA?/(Br—(r—-1a)(Q).
This fact together with Hoélder inequality with a = Bp/(p — 1)g and b =

Bp/(Bp — (p — 1)q) yields
(2.9) [ toato=107 101 dx < caltonl 3 e
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Finally, again using Theorem 1.1

(2.10) [ teldx < el

Putting together (H4), (2.6), (2.8)-(2.10) we obtain

(2.11) / A $A'v, dx| < calllunllGmy + llonllZr)”? + Dliglles
for all ¢ € E*, from where it follows

(2.12) oallz: < calllunllfag + loall g + 1.

By an analogous reasoning

(2.13) lnllzs < cs(llvallfs g, + lualifeay® +1)-
Replacing (2.12) and (2.13) into (2.5) we obtain

(2.14)

letnllzs + l|on ]l
_1 —l
< co(llunll &0 + Nwall & D928 4 flun| & DP9 + floal| & 4 1).

Since the exponents in the right-hand side of (2.14) are all less that 1, by the
basic assumptions we made on a, f, p and g, we find that the sequence {z,}
is bounded in E.

From here on a usual argument based on the compactness of #’ and the
invertibility of L gives the existence of a subsequence of {z,} that converges
in E. O

We will consider now the study of the geometric characteristics of ® leading
to the Generalized Mountain Pass Theorem.

We will define subsets S and Q so that

(IS) There exists d > 0 such that

(2.15) ®(z) >0 VzeS.

(IQ) ¥(z) <0 VzedQ.

Where 80 denotes the boundary of Q relative to a certain subspace of E .
It is shown also that S and AQ link in the sense of Benci and Rabinowitz.

For later reference we state a preliminary lemma giving the expressions of
the projections over E* .

Lemma 2.1. The orthogonal projections P* : E — E* are given by the formula
(2.16) PE(u,v) = i(u+ A~54', v + A~ A*u).
Proof. Direct from definitions. O

Now we choose numbers u > 1, v > 1 such that

(2.17) 1o A e Lo

a u+v B u+v
Proposition 2.2. There exist p >0 and § > 0 such that if we define
S={(p*""u, p" ) [ll(u, V)| = p, (u, v) € E*}
then (IS) is satisfied.
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Proof. Let %z = (u,v) € E* and put z = (p*~'u, p~'v). Recall that v =
A~'Au and equivalently u = A=SA4'v. We have

(2.18) Q(z):/p"“Asup"“A’v dx=p“+”"2/ A ud'vdx.
Q Q

Using (1.20) and (2.18) we get

(2.19) 0(z) = 3p** 7212113

On the other hand, from (H3) and (H4) we have

(2.20) H(u, v, x) < a(|ul® + [v|f) + bi(Jul? + v]%)

for some constants a;, b;, then

Z(z)<a (P(’"”"/ |u|® dx+p("")"/ v|f dx)
Q Q

+ by (p("“”"/ lulP dx + p("‘”"/ [v|? dx) :
Q Q

Since a < p, B < q, using Holder inequality and Theorem 1.1 we find from
(2.21) that

(222) #(2) < ba(pU=D2| 2|3 + p#= 2| 2[5 + DAY Z)E + p V9 2]
Putting (2.19) and (2.22) together and considering p = ||Z||g we have

(2.21)

(2.23) D(z) > Lp"* = by(pH + p*? + p*F + p¥9).
Since a <p, B <q, for p small we obtain
(2.24)

U+ u+v
o) 2 3+ =m0 = (L~ b ) + (B~ 200pP).

From our choice of x4 and v in (2.17) we see that if p is small enough, there
exists > 0 such that ®(z) >0 if ||Z|g=p. O

We next define the set Q. For some constants ¢ > 0 and M > 0 to be
precised later on we define

Q = {1(c* 'uy, " vy) + (6* u, 0¥ )|

0<t<0,0<|(u,v)le <M, (u,v) € E7}
where z, = (uy,v,) € E* with u, some fixed eigenvector of —A. We note
that z, is an eigenvector of L associated to a positive eigenvalue (i.e. to 1).
We assume ||z, ||[g = 1. We denote by dQ the boundary of Q relative to the
subspace
{r(a* 'uy, 0" vy) + (6* 'u, 0" v) |t €R, (u,v) € E"}.

Proposition 2.3. There are constants o >0 and M > 0 such that for Q defined
as above we have ®(z) <0 Vz € dQ.
Proof. For teR,, (u,v) € E~ we set

z=1(6* " u,, " vy) + (6* u, 0v o).
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By the definitions of E* and E~ we have
(2.25) vy =A"'Au, and v=-A""'A,
and then evaluating Q in z we obtain
Q(z) = /(w"“‘A‘u+ + ot Au)(te" T Auy — 0¥ A% u) dx
Q

(2.26)

1 e
= 50" 27 = l(u, )|IF)-

On the other hand, we have from Remark 0.5 that
(2.27) / H(z,x)dx > ¢ / (*“ D)ty +ul® + 0PV V|rv, +v|f) dx - |Q|c,.
Q Q

Each u can be written as # = yu, + #, where @ is orthogonal to u, in the
L%(Q) sense, and y is some real number. Using Holder’s inequality we obtain

(T + y)/ |ut|?dx = /(‘tu+ +u)utdx
Q Q

(2.28)
< lvut + ull La@llut | Lo

or

(2.29) T4y < e’ + ull ).

Similarly, observing that A~'A*u* = A;"**u*, where 1, is the eigenvalue of
(-A, H}(Q)) whose eigenfunction is u*, we obtain

AT (g — y)/ P dx = /(w+ +o)ut dx
Q Q

(2.30) k
< ltv* + vl allut e

or
(2.31) T—7< C”T'U+ + ’U”Lﬁ(Q).
If y >0 it follows from (2.26), (2.27) and (2.29) that

a-/l+ll—2
(2.32) D(z) < — 12 — cs1%0*“ D 1 1Q|c,.
And if y <0 it follows from (2.26), (2.27) and (2.31) that

u+v—=2
(2.33) ®(z) < T2 — 7P aPD 1 |Qle,.
By the choice of 1 and v, taking 7 = o large we see in (2.32) and (2.33) that
P(z)<0.
Now we choose M . If 7€ [0, o], from (2.26) and (2.27) we have

(2.34) ®(z) < 304 — 3072 (u, v)|F + Qe

then taking ||(u, v)|| = M and M large enough we find ®(z) < 0. We finish
the proof if we show that when 7 =0 then also ®(z) < 0. By hypothesis (H1)
this is direct after the definition of ® and (2.26). O
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3. THE MINIMAX THEOREM

In this section we formulate a minimax theorem which is a version of The-
orem 5.9 of [12] and it was proved in [6]. We describe this result and then we
show how to use it in our situation. We consider a Hilbert space E with inner
product ( , ) and norm | -||. We assume that E has a splitting E=X® Y,
where the subspace X and Y are not necessarily orthogonal and both of them
can be infinite dimensional. Let ® : E — R be a functional having the following
structure

(3.1) d(z) = %(Lz, Z)+Z(z)
with
(I1) L: E — E is a linear, bounded, selfadjoint operator,
(I2) #' is compact.
There are two linear bounded, invertible operators B, , B, : E — E satisfying
(I3) If w € R{ then the linear operator

(3.2) B(w) = PxB; ' exp(wL)By : X — X

is invertible.
Here Px denotes the projection of E onto X induced by the splitting F =
XaY. Let p>0 and define

(3.3) S={Biz|||z||=p, z€ Y}
For z, €Y, z, #0, 0 > p/||B{'Bz| and M > p, we define
(3.4) Q={By(1z4+2)|0<t<0,|z| <M, ze X}

Where Q denotes the boundary of Q relative to the subspace
{By(1z4 +z)|T€R, z € X}.
Then we have the following theorem on existence of critical points of ®.

Theorem 3.1. Let ® : E — R be a C' functional satisfying the Palais Smale
condition, and (11), (12) and (13). Further assume there is a constant § > 0 such
that

(IS) d(z) > VzeS,

(IQ) ®(z) <0Vz e dQ.
Then ® possesses a critical point with critical value C > 6 .

The reader is referred to [6] for a proof of this theorem. The critical point
given by Theorem 3.1 has a variational characterization we describe next. Let
us consider the class of functions

(3.5) I'={he C(ExI0, 1], E)|h satisfies I';, I'; and I';}

where

(T'y) A is given by h(z,t) = exp(w(z, t)L)z + K(z,t) where w : E x
[0, 1] — R{ is continuous and transforms bounded sets into bounded sets, and
K:E x[0, 1] - E is compact.

(T2) h(z, )=z

VzedQ, vte[0, 1].

(T3) h(z,0)=z

VzeQ.
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Then the minimax value

(3.6) C = infsup®(h(z, 1))
her zeQ
is the critical value given in Theorem 3.1.

In order to use Theorem 3.1 to find critical points of our functional ® we
see that it is only left to be proved hypothesis (I3). In fact, the structure of
our functional is that given by (I1) and (I2) as we saw in §1, and the P.S.
condition together with the geometric conditions (IS) and (IQ) were proved in
Propositions 2.1, 2.2 and 2.3 respectively.

Let us prove (I13). First we define the decomposition of E by taking X = E~
and Y = E*. The operators B; and B, are defined as B;, B,: E - E

(3.7) Bi(u,v) = (p*"'u, p’~'v)
and
(3'8) BZ(u9 'U) = (a”_lua O.y—l,v) )

certainly B, and B, are linear, bounded, invertible operators. Here the con-
stants p and o are those of Propositions 2.2 and 2.3 respectively. To show
that B(w) is invertible we first give a formula for exp(wL).

Lemma 3.1. If w € R then the operator exp(wL): E — E is given by

(3.9)  exp(wL)(u, v) = cosh(w)(u, v) + sinh(w)(4™* o A'v, A7 o ASu).
Proof. We recall from Proposition 1.1 that

(3.10) L(u,v)= (A" o0 Adv, A" o A*u).

Then L? = idg . By writing explicitly the exponential operator as a series, using
(3.10) and reordering the terms we obtain (3.9). O

Proposition 3.1. The operator B(w): E- — E~ is invertible.
Proof. Given z € E- wehave z = (u, —A~'oA*u) with u € ES. By definition
of B, in (3.8) we have

(3.11) Byz = (o*'u, 0" 147" o Au),

then using Lemma 3.1 if we write exp(wL)B,z = (x, y) we have
(3.12) x = (cosh(w)a*~! —sinh(w)a” u,

(3.13) y = (= cosh(w)a” ™! + sinh(w)c* ')A o Au.

By definition of B; given in (3.7) and from (3.12) and (3.13), if we write
B, exp(wL)Byz = (X, y) we have
cosh(w)o#~! — sinh(w)g”~!
prt ¢
—cosh(w)o”~! + sinh(w)g#~!
pl/—l
Finally we project back into E~. If we put B(w)z = (¢, w) then using the
projection formula given in Lemma 2.1 and (3.14) and (3.15), after some cal-
culations we obtain
1 (ot~  gv-!

(3.14) %=

b

(3.15) y= Ao Au.

O.u—l O-u—l

(3.16) ¢ = {5 (F + F) cosh(w) — % (F + F) sinh(w)} u.
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If we put m as the coefficient of u in (3.16) we also find that
(3.17) w=-mA""o Alu.

In other words we have that E(w)z = mz . This constant m is positive if we
assume, without loss of generality that ¢ > 1 and p < 1. In fact

O-l/—l N O./.t—l B o-u—l N a-l/—l _ (p[l—-l _pu—l)(au—l _o.;t—l)
pv—l pp—l pu—l pﬂ—l p;t+l/—2

is positive so lhat m > 0 independently of the value of @w € R. This in turn
implies that B(w) is invertible. O

(3.18) (

4. PROOF OF THE THEOREMS

Now we are in a position of giving a proof of the theorems announced in the
Introduction. The application of Theorem 3.1 will give existence of a critical
point of the functional ® and then by applying regularity results we obtain a
solution of (ES).

Proof of Theorems 0.1 and 0.2. We apply minimax Theorem 3.1 to the func-
tional ®. Hypothesis (I1) and (I12) are satisfied by the considerations made in
§1. Definitions (3.7) and (3.8) and Proposition 3.1 give (I3). The Palais Smale
condition is proved in Proposition 2.1 and the geometric conditions leading to
(IS) and (IQ) are proved in Propositions 2.2 and 2.3 respectively.

Thus, there exists z € E such that ®'(z) = 0 i.e. z is an (s, t)-weak
solution of (ES). Next, Theorem 2.2 gives that z = (u, v) is such that u €
w2.p/e=0(Q) n W, P/?"Y(Q) and v € W24/@-1(Q)n W, Y4 (Q). That
is, (u, v) is a strong solution of (ES).

When the Hamiltonian is independent of x we have that (0, 0) is a solution
of (ES). Since ®(z) > J > 0 and ®((0, 0)) = 0 we find that z is not trivial. O

In order to prove Theorem 0.3 we need to redefine the Hamiltonian. Let us
define H:R2 x Q — R so that

Hu,v,x) ifu>0, v>0,
~ HO,v,x) ifu<0, v>0,
4.1 Hu,v,x)= .
(4.1) (u, v, x) Hwu,0,x) ifu>0, v<0,
0 ifu<0, v<O0.
Since we are assuming (H6) the new Hamiltonian H is of class C!:¢ as H .

It also satisfies (H1), (H3) and (H4). However (H2) is satisfied in a restricted
form. Next we modify the arguments given before to include this new situation.

Proof of Theorem 0.3. First we define the functional ®: E — R as

(4.2) ®(z) = Q(z) - /Q H(z, x)dx.

It is clear that ® isof class C! in E. Assume there exists z = (u, v) a critical
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point of ®. Then by the argument given before we have a classical solution of

0H .
—Au——é—v—(u,v,x) in Q,

OH .
(4.3) —Av_w(u,’v,x) in Q,

u=0, v=0 ondQ.

Since H/0u > 0 and 6H/dv > 0 by the maximum principle we find that
u>0 and v >0 in Q. We only need to prove that hypotheses of Theorem 3.1
still hold. Hypothesis (H2) was used only in proving the Palais Smale condition
and the geometric condition (IQ).

Let us see first how we prove the Palais condition for @. Let {z,} be a
sequence in E so that

(4.4) |®(z,)| < c and D'(z,) = 0, asn— oo.

As we did in Proposition 2.1 we have only to prove that (4.4) implies that {z,}
is bounded. Proceeding as in Proposition 2.1 we find

(4.5) a1+ |1zallg) > /Q H(un, v, x)dx,

where we used the hypothesis (H2) restricted to ¥ > 0 and v > 0. Then, after
Remark 0.5 we find ¢, so that

(4.6) /Q W1 + 0318 dx < ca(1 + iz + oml).

Where we denote by u;; and v;f the positive part of u, and v, respectively.
Next, following the proof of Proposition 2.1 we obtain

(47) lvnller < callled 120y + 103 185 0" + 1),
By an analogous reasoning

(4.8) lunllzs < es(lv7 15, + g I8 0P/ 4 1),
Substituting (4.7) and (4.8) into (4.6) we obtain

lluz IS @ t ”'U+”Lﬂ(g

(4.9) < + + Dg/p + 1)p/q +(19—1 1
< cs(lluy || QT lva "Lﬂ(g + lluz ||1,a @ T llva ”Lﬁ(Q) +1).

By our assumption (i) and (111) on the exponents «, #, p and ¢ we find that
lufllLe) and ||v;]lLeq) are bounded. Next we can apply (4.7) and (4.8) again
to obtain that {z,} is bounded in E. This ends the proof of P.S. condition.

Now we consider (IQ). Keeping the definitions of Q given in §2 we take the
function z, = (44, v4) € E* so that u, = ¢; and vy = A7 A%¢ = A]" ¢y,
where ¢; is the first eigenfunction of —A. In particular ¢; > 0 in Q. We
need to prove the existence of the constants ¢ and M used in the definition
of Q.

Since we have

(4.10) (o +u)y =((t+7)pr+)* > (t+y)1 + 1,
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we proceed as in the estimate (2.28) and get

(4.11) t+y < cll(tus + w7 Lo(@)-
Similarly we obtain

(4.12) T =y < cll(tv+ + 0) ¥l s -

From here on we proceed as in Proposition 2.3. O

Note added in proof. After this paper was finished we learned from Hulshof and
van der Vorst that they have obtained similar results in their paper Differential
systems with strongly indefinite variational structure, J. Funct. Anal. 114 (1993),
32-58.
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